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Estimating the Mean

What is the mean µ?
Stochastic variable X
Known standard deviation σ
Unknown distribution

The Sample Mean is a point estimator
n observations: x1, x2, . . . , xn
Sample mean: µ̂ = x̄ =

∑
xi/n

How do we make a confidence interval?
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Probability distribution

What is the probability
distribution of X̄? X̄ =

X1

n
+

X2

n
+ . . .+

Xn

n

Variable Expected value Variance Std.Dev.
Xi µ σ2 σ
Xi
n

µ
n

(
σ
n

)2 σ
n

X̄ n · µn n ·
(
σ
n

)2

= =

X̄ µ σ2

n
σ√
n

Central Limit Theorem: For large n, X̄ has normal distribution.
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Estimation Error

Estimation error E = X̄ − µ
E ∼ N(0, σ/

√
n)

Normalised Z = E
σ/
√

n = X̄−µ
σ/
√

n

Z ∼ N(0,1)
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Error Distribution

E = Z · σ/
√

n
P(Z ≤ −z) = α/2

P(E ≤ −e) = α/2

α/2 z e
2.5% 1.96 1.96 · σ/

√
n

1.0% 2.33 2.33 · σ/
√

n
0.5% 2.33 2.58 · σ/

√
n

We write zα/2

Matlab: z = -icdf(’norm’, α/2, 0, 1)
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Summary

Error E = X̄ − µ
zα/2 is such that P(Z ≤ −z) = P(Z ≥ z) = α/2

P(E ≤ −zα/2 · σ/
√

n) = P(E ≥ zα/2 · σ/
√

n) = α/2
z = -icdf(’norm’, α/2, 0, 1)

P(|E | ≥ zα/2 · σ/
√

n) = α

With probability β = 1− α (confidence level)
the error is within ±zα/2 · σ/

√
n
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